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In many applicationssuchascomputervision, medicalimaging,andimagegen-
eration,surfacedatais availablein theform of setof points,planaror 3-dimensional
contoursand it is desiredto reconstructa surfacefrom this data. In this paperwe
will assumethat we are given two setsof curves,oneset running fore andaft, the
othertransversely. This network of linesdefinesa numberof topologicallyrectangu-
lar patches.We will constructa spline- blendedsurfaceinterpolatingthenetwork of
curves,known alsoasGordonsurface.Wewill constructnew blendingfunctionsused
by constructionof Gordonsurface.We will alsousethis blendingfunctionsasbasal
functionsfor constructionof splinecurvesandtensorproductsurfaces.At theendwe
will generalizeinterpolatingsplinesto thesystemof approximatingsplinescontaining
interpolatingsplinesandB-splines.

1 Gordon surface

We aregivena network of curvesasmentionedabove. It is desiredto constructa sur-
face
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We will use G *
-splinesto constructappropriateblendingfunctions.



2 HJI -splines

G *
-splajnissimilarto G -spline.Insteadof I �K' � G -splinecontrolvertexesL1M ��������� L * 3 ,G *
-spline is determinedby odd control vertexes L1M � L *���������� L * 3 andeven control

pointsarereplacedby points N ���O�P� � �������!���
, joining segmentsQ * �SR�&

and Q * �
. We

will considerspecialcaseof G *
-splines,whenknot setis equidistant,in otherwords
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. In this casepoint N �
holdsanequation:

N �U� �V � L * �SRW*@')X L * �SR�&(' L * ��	
(2)

To constructblendingfunctionswe needG *
-splinefunctions.It is easyto derive ver-

tices of G *
-spline function: L * ��� ���-��YZ* ��	

, N �1� ���-��[\�>	
. We do not needto write

first coordinate,so we will considereachcontrol point to be identical to its second
coordinate. Next equationsshow, how we cancount pointsof segmentsQ * �SR�&

andQ * �
:
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3 Construction of blending functions

In thissectionwewill constructblendingfunctions
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asG *
-splajn.Let N �& �������� N �

3
bejoining pointsandlet L �M � L �* ��������� L �* 3 beoddcontrolvertexesof blendingfunction8 3� ���7	

. We have to changeequation(1), becauseknot setis
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This is equivalentto conditions:
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Conditions(1) determinejoining points N �& �������!� N �
3 . Oddcontrolvertexesdonotneed

to satisfyany conditions.Wehave to find appropriateoddcontrolvertexes.



Firstly we want the points of surface
�1&!�������
	

to be a barycentriccombination
of pointsof curves
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We canthing aboutsurfaces
�+*;�������
	

and
��&�*,�������
	

in thesameway. We caneasy
getthis conditionsfrom equations(3), (4) and(6):
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Secondly, we want thegivencurvesto influent thesurfacejust locally. Therefore
wewantblendingfunctionto benon-zerojustover few segmentsaroundpoint N ��

and
knot I �O/ �

. The optimal numberof non-zerosegmentsappearsto be
� I . We can

seefrom equations(3), (4), that segmentsQ � *���R�&
and Q � *��

arecontroledby vertexesL �*���RW* � N �� � L �*�� � N ��-l7& � L �*��-l\*
. If any of this two segmentsis identically equalto zero

and N �� � N ��-l7& �%C
, thenalso L �*��rRW* � L �*�� � L �*��-l\* �%C

. If wehave just
� I non-zero

segments,thenjust four odd control vertexes L �* �SRZz � L �* �SRW* � L �* � � L �* �6l\*
arenon-zero.

Obviously theonly non-zerojoining vertex is N �� � �
.

Thirdly we wanteachgivencurve to have the sameinfluenceto Gordonsurface.
Thiswill besatisfied,if L �* �SRZz �u{�� L �* �SRW* �u|a� L �* � �u},� L �* �ol\* �TY�� y �

, where
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arerealnumbers.
Finally we wanteachblendingfunctionto besymmetrical.Thatmeans
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. We did not satisfyconditions(7) yet. First oneis obviously satisfied.Now we
canreplacesecondoneby new simplierone: I {:' I |�� �

. Let
[

bea realparameter.
We will set
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|~��[�' &* . This is the resultof construction.Now we can
assumeall verexesof blendingfunctions:

L1M�N &������ L * �SRZz N �SR�& L * ��RW* N � L * � N �6l7& L * �6l\* ����� N 3 L * 3C C ����� /?[ C &* '�[ � &* '�[ C /?[ ����� C C
Now we needto note, that condition (6) for odd vertexes is not satisfiedfor
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. We needto increasethe numberof blendingfunctions. We need

also
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. In definitionof Gordonsurfacewe canusefor exam-

ple
8 3 R�& ')8 3M ')8 3 & insteadof

8 3 & and
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8 33 .

4 Using blending functions to construct a spline curve

In this sectionwe will constructsplinecurve usingblendingfunctions.We aregiven��'�h
controlpoints � R�&��������!� � 3 l\*

. Splinecurve
8t���7	

is defined:
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Curve
8t���7	

interpolatescontrol points � &���������� � 3 becauseof conditions(5).
Now we can count the G *

-spline control points of the curve
8E���7	

. Let us denote
joining points of the curve � &r�������!� � 3 and odd control vertexes �PM � � *���������� � * 3 .
It is obvious that joining pointsare identicalwith control points interpolatedby the
curve: � �x� � �����p� � ����������

. It is not difficult to count the odd control points:� * �U��/?[ � �SR�&�'%�6[�' &* 	 � �
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In simillar waywecangetalsoapproximatingsplinecurve. Wejustneedto replace
condition � �U� � �

by new one
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is real parameter. This will causenew valuesof joining pointsof blending

functions: N ��SR�& ��{�� N �� � � / I {�� N ��6l7& ��{
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blendingfunctions.For
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we will getclassicalG -splinecurve. Imple-

mentationof splinecurve is a goodway to find out thebestvalueof parameter
[
. For

interpolatingcurveit seemsto be
[�� &� andfor
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value
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. For othervaluesof parameter

{
we canuselinear interpolationof this
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[
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5 Computing points of curves and surfaces

We have no problemsto computepoints of curvesconstructedin previous section.
We have countedG *

-splinevertexesof the curve. From equation(2) we cancountG -splinecontrolvertexesof thecurveandthenwell-known DeBooralgorithmcanbe
used.

Usingblendingfunctionswe canalsoconstructa tensor-productsurface(approxi-
matingor interpolating).Surface

��&�*
from definitionof Gordonsurfaceis suchtensor

product.Wecanwrite:
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In bracketswe have got

�
splinecurves. We cancomputepoint of eachof themin

parameter
�
. Thenwe get

�
controlpointsof othercurve. If we computepoint of this

curve in parameter
�
, wegeta point of thetensor-productsurfacein parameters

�
and�

. Sowe cancomputepoint of tensor-productsurfaceusingDeBooralgorithm
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(or
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) times.
Now it is easyto computea point of Gordonsurface. We have alreadygot algo-

rithm to compute
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. Tocomputepoint
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wejustuseDeBoorAlgorithm,
becauseparameter

�
is fixedand
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arecontrolpointsof a curve. We compute

point
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thesameway. Finally we just count
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6 Conclusion

WehaveconstructedappropriateG *
-splineblendingfunctionsfor constructionof spline-

blended(Gordon)surface.We have alsoconstructedsystemof splinecurvescontain-
ing appropriateinterpolationcurveand G -splinecurve. Theinterpolationcurve is just
specialcaseof G *

- splinecurve, but we have found appropriateodd controll points.
Userdoesnothaveto takecareof them,but they canalsobechangedusingparameter[
.

Theresultsof this paperwereimplementedandwe representthemin severalpic-
turesbelow.




