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In mary applicationssuchascomputervision, medicalimaging,andimagegen-
eration,surfacedatais availablein the form of setof points,planaror 3-dimensional
contoursandit is desiredto reconstructa surface from this data. In this paperwe
will assumehat we are given two setsof curves, one setrunning fore and aft, the
othertrans\ersely This network of lines definesa numberof topologicallyrectangu-
lar patches We will constructa spline- blendedsurfaceinterpolatingthe network of
curves,known alsoasGordonsurface.We will constructnew blendingfunctionsused
by constructionof Gordonsurface. We will alsousethis blendingfunctionsasbasal
functionsfor constructiorof splinecurvesandtensorproductsurfaces.At theendwe
will generalizenterpolatingsplinesto the systemof approximatingsplinescontaining
interpolatingsplinesandB-splines.

1 Gordon surface

We aregivena network of curvesasmentionedabove. It is desiredto constructa sur
faceG (u, v) interpolatingthegivencurves. Let usdenotegivenu-curvesG (u, v;), j =
1,...,n andv-curvesG(u;,v),i = 1, ..., m. Curvesintersectin pointsG(u;, v;), i =
1,...,m,j=1,...,n. Gordonsurfaceis defined:

G(u,v) = Gi(u,v) + Ga(u,v) — Gia(u,v)

where
Gi(u,v) = > G(us,v) L (u)
=1
Ga(u,v) = > G(u,v;)L7(v)
j=1
Giza(u,v) = D> G(us,v;) L (u) L} (v)
i=1j=1

andL™(u) areblendingfunctionssatisfying:
Li*(wi) = 1, Li*(ux) = 0, # k (1)
We will useB,-splinesto constructappropriatéblendingfunctions.



2 Bs-splines

Bs-splajnis similarto B-spline.Insteadf 2m+1 B-splinecontrolvertexesDy, . . ., Dy,
Bs-splineis determinedby odd control vertexes Dy, Do, .. ., D5, andeven control
pointsarereplacedoy pointsP;, i = 1,...,m, joining sggmentsQ)y;_; andQy;. We
will considerspecialcaseof B, -splines,whenknot setis equidistantjn otherwords
knotwu; = 1. In this casepoint P; holdsanequation:

1
P, = 8(D2i72 + 4Dy; 1 + Dy;) (2)

To constructblendingfunctionswe needB,-splinefunctions. It is easyto derive ver-
tices of By-splinefunction: Dy, = (i,ds;), P, = (i,p;). We do not needto write
first coordinate,so we will considereachcontrol point to be identicalto its second
coordinate. Next equationsshav, how we can count points of segments@,; ; and
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wheret = u — (2i — 1) resp.t = u — 2i.
3 Construction of blending functions
In thissectionwewill construcblendingfunctionsL!™(u) asBs-splajn.Let P, . .., P¢
bejoining pointsandlet Dj, D, ..., Di  beoddcontrolvertexesof blendingfunction

L™(u). We have to changeequation(1), becausénot setis —1,0,1,...,2m + 1 and
onesetof curvescontaingustm curves:

LTM2i—1)=1,LT"2k—1)=0,i#k,i=1,....m
Thisis equialentto conditions:
P =1,P =0,i¢k i=1,...,m (5)

Conditions(1) determingoining points P}, . .., P! . Oddcontrolvertexesdo notneed
to satisfyany conditions.We have to find appropriateodd controlvertexes.



Firstly we want the points of surface G, (u, v) to be a barycentriccombination
of pointsof cunesG(u;,v), i = 1,...,m. Thisis satisfied,if the next equationis
satisfied:

i LT (u) =1Vu (6)

We canthing aboutsurfacesG; (u, v) andGi,(u, v) in thesameway. We caneasy
getthis conditionsfrom equationg3), (4) and(6):

m m
D Pi=1 3 Dy =1 (7)
i=1 i=1

Secondlywe wantthe given curvesto influentthe surfacejustlocally. Therefore
we wantblendingfunctionto be non-zergust over few seggmentsaroundpoint P and
knot 2; — 1. The optimal numberof non-zerosegmentsappeardo be 12. We can
seefrom equations(3), (4), that segmentsQ?;_, and Q}; are controledby vertexes
Dj; o, P}, Dy, Py, Dy 0. I any of this two segmentsis identically equalto zero
andP; = Pj, = 0,thenalsoD;; , = Dj; = Dj;,, = 0. If wehavejust12 non-zero
segments,thenjust four odd control vertexes Dy, _,, D, _,, D5, D5, , arenon-zero.
Obviously theonly non-zergoining vertex is P/ = 1.

Thirdly we wanteachgiven curve to have the sameinfluenceto Gordonsurface.
Thiswill besatisfiedjf D, , = a, D}, , = b, D}, = ¢, D}, , = d,Vi, wherea, b, ¢, d
arerealnumbers.

Finally we wanteachblendingfunctionto be symmetrical. Thatmeans: = d and
b = c. We did not satisfyconditions(7) yet. First oneis obviously satisfied.Now we
canreplacesecondoneby new simplierone: 2a + 2b = 1. Let p bearealparameter
We will seta = —p andb = p + 1. Thisis theresultof construction.Now we can
assumall verexesof blendingfunctions:

Dy Pi ... Dyy Py Do o Py Dy Py Doyo ... Py Doy
o 0 ... —-p 0 1+p 1 I4p 0 —p ... 0 O

Now we needto note, that condition (6) for odd vertexesis not satisfiedfor £ €

{0,1,m — 1,m}. We needto increasethe numberof blendingfunctions. We need
alsoL™, Lg*, Ly> , andL;_,. In definitionof Gordonsurfacewe canusefor exam-
ple L™ + Li* + LT insteadof LT and L] + L7, + L7, insteadof L.

4 Using blending functionsto construct a spline curve

In this sectionwe will constructsplinecurve usingblendingfunctions. We aregiven
m + 3 controlpointsW_, ..., W, 2. Splinecurve L(u) is defined:

m—+1

L(u) = > W;L*(u),u € [1,2m — 1] (8)
i=0



Curve L(u) interpolatescontrol points W1, ..., W, becauseof conditions(5).
Now we can countthe B,-spline control points of the curve L(u). Let us denote

joining points of the curve Ry, ..., R,, and odd control vertexes Cy, Cs, . .., Cap,.
It is obvious that joining pointsareidenticalwith control pointsinterpolatedby the
cunve: R; = W;, i = 1,...,m. It is notdifficult to countthe odd control points:

Coi = —pWis1 + (04 5)Wi+ (p+ 5)Wit1 — pWiga, i =0,...,m.
In simillar way we cangetalsoapproximatingsplinecurve. We justneedto replace
conditionR; = W; by new one

Ri = am_l + (1 — QCL)VVZ + aWi—f—l

whereq is real parameter This will causenew valuesof joining pointsof blending
functions: P!, = a, P} = 1 —2a, P}, = a. Fora = 0 we have got the original
blendingfunctions.For a = ; andp = 0 we will getclassicalB-splinecurve. Imple-
mentationof splinecurve is agoodway to find out the bestvalueof parametep. For
interpolatingcurve it seemdo bep = é andfora = é wewill simplychooseB-spline
valuep = 0. For othervaluesof parametern we canuselinearinterpolationof this
two valuesof p. Wewill get:p =  — a.

5 Computing points of curvesand surfaces

We have no problemsto computepoints of curves constructedn previous section.
We have countedB,-spline vertexes of the curve. From equation(2) we cancount
B-splinecontrolvertexesof the curve andthenwell-known DeBooralgorithmcanbe
used.

Using blendingfunctionswe canalsoconstructa tensorproductsuriace(approxi-
matingor interpolating).SurfaceG,, from definitionof Gordonsurfaceis suchtensor
product.We canwrite:

n m

Gio(u,v) = Z[Z G (u;,v;) L7 (u)]L?(U)

j=11i=1

In bracletswe have got n spline curves. We can computepoint of eachof themin
parameter.. Thenwe getn controlpointsof othercurve. If we computepoint of this
curvein parametep, we geta point of thetensorproductsurfacein parameters and
v. Sowe cancomputepoint of tensofproductsurfaceusingDeBooralgorithmn + 1
(orm + 1) times.

Now it is easyto computea point of Gordonsurface. We have alreadygot algo-
rithm to compute&:2(u, v). TocomputepointG (u, v) wejustuseDeBoorAlgorithm,
becausgarametew is fixedandG(u;, v) arecontrol pointsof a curve. We compute
point G (u, v) thesameway. Finally we justcountG(u,v) = G1(u,v) + Ga(u,v) —
G12(u, U).



6 Conclusion

We have constructe@ppropriateB,-splineblendingfunctionsfor constructiorof spline-
blended(Gordon)surface.We have alsoconstructedsystemof splinecurvescontain-
ing appropriatenterpolationcurve and B-splinecurve. Theinterpolationcurve s just
specialcaseof B,- splinecurve, but we have found appropriateodd controll points.
Userdoesnot have to take careof them,but they canalsobe changedisingparameter

p.

turesbelow.
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Figure 2: Interpolating curve

Theresultsof this paperwereimplementedandwe representhemin severalpic-
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Figure 3: Interpolating tenzor-product surface
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Figure 4: Network of given curves

Figure 6: Shaded model of Gordon Surface

Figure 5: Wireframe model of Gordon surface



